Abstract. Variable pressure angle (VPA) hob is an important cutting tool for generating the twist-free tooth flanks on a crowned involute helical gear used in the high precision gear boxes. However, an appropriate method for generating the VPA hob surface has not proposed yet. Therefore, this paper presents a worm grinding method for generating the helical surface of VPA hob on a CNC worm grinding machine. A mathematical model of the proposed method is established based on a standard hob by controlling rotational motion of the hob axis in the worm grinding process. A numerical example is implemented to verify the merits of the proposed method.
Introduction
In batch production of small external gears and consideration of more efficient process, the generating grinding method is usually adopted for the hard finishing of gears instead of the form grinding method. The tooth profile of a cylindrical grinding worm equates a rack profile in the normal section. The involute is generated by the continuous and relative rotation motion between grinding worm and work-piece based on the envelope process. Besides, in the generating grinding process, many points of the grinding worm are always in contact with the gear workpiece and the number of contact points change continuously during the tool rotation. Thus the stock removal rate in the generating grinding of gear is very high. In the past researches, the worm grinding process has been applied for some kind of the gears. Therefore, in this study, we proposed a worm grinding method for grinding the VPA hob on a CNC grinding machine.
The basic geometric design, tooth surface envelope theory, processing method and tool design of various worms are published by Litvin and Fuentes [1] . Also, some related literatures about the worm grinding process are published. Wirz [2] - [4] patented a method, tool and device for profiling the grinding worm that applies in the continuous gear grinding. Besides, a process for dressing a single and multiple-grooved worm by a dressing tool is also proposed. Then a grinding worm that can be profiled on the grinding machine is introduced by Thyssen [5] . Jankowski [6] , [7] provides a grinding worm with a geometry and face topology to obtain a high time-cutting volume and a tooth face modifications on the micrometer level of the work gear. Stadtfeld and Mundt [8] patented a dressing method for the threaded grinding wheel that can obtain the twist-free tooth flanks of gear workpiece in the gear grinding process. The profile and lead modifications of a helical gear is produced by using the threaded wheel and profile grinding [9] . Klocke et al. [10] , [11] introduced a research method for analyzing the gear generating grinding process based on the manufacturing simulation as well as an analogy trial and the cutting forces of grinding are also determined depending on the process parameters. Denkena et al. [12] presented an approach for analyzing the tool engagement in gear grinding and calculating the material removal rate. Ophey and Reimann [13] introduced a thermomechanical model for describing influence on the surface zone in the gear generating grinding process. Recently, Tran et al. [14] , [15] proposed a novel hobbing method to free twist tooth flanks of the longitudinal crowned helical gear by using variable pressure angle hob cutter on CNC hobbing machine. Besides, the topologies, contact bearings and transmission errors of the double-crowned work gear pairs generated by a modified hob in the gearhobbing process are investigated.
A method for grinding a standard hob as a VPA one is proposed by using the grinding worm on a CNC grinding machine. A mathematical model of grinding process is also established. Numeral results show that the proposed VPA hob surface generated by grinding worm is close to the theoretical VPA hob surface. standard rack cutter. To obtain a twist-free tooth flank of helical gears, the pressure angle of standard rack cutter's profile is modified as a variable function in its longitudinal direction, as shown in Fig. 1 . Accordingly, the position vector and unit normal vector of the rack cutter's right-hand side profile can be expressed in the coordinate system ( , , ) r r r r S x y z as follows: The schematic generation mechanism of the hob is shown in Fig. 2 , where coordinate systems ( , , ) r r r r
S x y z , ( , , )
h h h h S x y z , and 4 4 4 4 ( , , ) S x y z are rigidly connected to the rack cutter, hob, and frame, respectively. By applying the homogenous coordinate transformation matrix equation, the locus and unit normal vectors of the lefthand side rack cutter surface represented in the coordinate system ( , , )
h h h h S x y z are attained by According to the theory of gearing, the equation of meshing between the right-hand side rack cutter surface and left-hand side hob surface can be obtained by
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Then, the locus of tooth profile and its unit normal of the hob are obtained by simultaneously considering Eqs. (3), (4) and (5). 
General mathematical model for generating the surface of grinding worm on a universal machine
Theoretically, for grinding the surface of VPA hob, a general coordinate systems is established for obtaining a corresponding grinding worm from the VPA hob as shown in Fig. 3 . Wherein the coordinate systems ( , , )
w w w w
S x y z and ( , , )
h h h h S x y z are rigidly connected to the grinding worm and hob, respectively, while the coordinate system ( , , ) surface can be represented in coordinate system w S as follows:
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where symbols 2 N and 1 N indicate the number of teeth of the hob and grinding worm, respectively. Then, the tooth surface and unit normal vector of grinding worm can be determined by using Eqs. (6) and (7) combined with the following equations of meshing. There are two independent kinematic parameters z l and h I needed for grinding the helical surface of hob.
Therefore, there are two equations of meshing between the hob and the grinding worm as follows: 
Numerical example
The purpose of this example is to verify the merits of proposed worm grinding method. The basic data of the hob and the grinding worm are given in Table 1 . The setup data of grinding machine is calculated according to the basic meshing conditions as illustrated in Ref. [1] . 
Conclusion
In this paper, a new method for grinding the VPA hob with a grinding worm on a CNC machine is proposed by controlling rotational motion of hob axis (Eq. (20)). The mathematical models for generating helical surfaces of the theoretical VPA hob and the proposed VPA hob are established. The numerical result shows that the proposed VPA hob surface generated by the grinding worm can fits well with the theoretical VPA hob surface. 
